Published by Institute of Physics Publishing for SISSA/ISAS Received: December 12, 2002 Accepted: December 24, 2002

Brane-antibrane systems at finite temperature and phase transition near the Hagedorn temperature

Kenji Hotta

Department of Physics, Kyoto University Kyoto 606-8502, Japan E-mail: khotta@gauge.scphys.kyoto-u.ac.jp

Abstract: In order to study the thermodynamic properties of brane-antibrane systems, we compute the finite temperature effective potential of tachyon T in this system on the basis of boundary string field theory. At low temperature, the minimum of the potential shifts towards T = 0 as the temperature increases. In the D9-D9 case, the sign of the coefficient of |T |^2 term of the potential changes slightly below the Hagedorn temperature. This means that a phase transition occurs near the Hagedorn temperature. On the other hand, the coefficient is kept negative in the Dp-Dp case with p ≤ 8, and thus a phase transition does not occur. This leads us to the conclusion that only a D9-D9 pair and no other (lower dimensional) brane-antibrane pairs are created near the Hagedorn temperature. We also discuss a phase transition in NS9B-NS9B case as a model of the Hagedorn transition of closed strings.

Keywords: D-branes, String Duality, Tachyon Condensation, String Field Theory.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep122002072 /jhep122002072 .pdf

Contents

1. Introduction 1

2. Free energy of open strings 3

3. Finite temperature effective potential at low temperature 6

4. Complex temperature formalism 7

5. Finite temperature effective potential near the Hagedorn temperature 11

6. Speculation about the Hagedorn transition 18

7. Conclusion and discussion 20

A. Finite temperature effective potential in canonical ensemble method 22

1. Introduction

Recently, significant effort has been devoted to studying non BPS configurations of branes such as brane-antibrane pairs and non BPS D-branes (for a review see e.g. [1]). If we consider a coincident brane-antibrane pair, the spectrum of open strings on it contains a complex tachyon field T . This indicates that the brane-antibrane system is unstable, and that the tachyon rolls down from the perturbative vacuum of open strings. If we assume that the tachyon potential has a non-trivial minimum, it is expected that the tachyon falls into it. Sen conjectured that the negative energy density from the tachyon potential exactly cancels the sum of the tension of the brane and the antibrane [2]. This means that the brane-antibrane pair disappears and the energy density of this configuration vanishes at the potential minimum. In fact, the tachyon potential on this configuration calculated by using cubic string field theory approves Sen’s conjecture [3].

The tachyon potential on the Dp-Dp system in type-II string theory was also computed on the basis of boundary string field theory (BSFT) [4] [5] by Minahan and Zwiebach [6] and by Kutasov, Marino and Moore [7], and its qualitative features agree with Sen’s conjecture. If we denote the complex scalar tachyon field by T , then the potential is given by V (T ) = 2τ_pV exp(−8|T |^2) , (1.1) where V is the volume of the system that we are considering, and τ_p denotes the tension of a Dp-brane, which is defined by

τ_p = 1 (2π)^pα^{′(p+1)/2}g_s

, (1.2)

where g_s is the coupling constant of strings. This potential has the minimum at |T | = ∞. We adopt the natural unit c = ℏ = 1 but explicitly keep the slope parameter α^′.

– 1 –

It is interesting to investigate the finite temperature system of Dp-Dp pair. This is because there is a possibility that T = 0 becomes a stable minimum at high temperature, in analogy with high temperature symmetry restoration in field theories. For this purpose, we must compute the finite temperature effective potential of the brane-antibrane system based on BSFT, when the complex tachyon field develops its vacuum expectation value.

Danielsson, Güijosa and Kruczenski evaluated the finite temperature effective potential when there is only the tachyon field [8]. The effective action of tachyon field at zero temperature can be deduced from the tree level BSFT of open superstrings as [6, 7] S = −16τ_p ∫ d^{p+1}x [ 2α^′e^{−8|T |2} ∂T ∂T^∗ + 1 8 e^{−8|T |2} ] . (1.3)

In order to obtain the standard form of the kinetic term, we perform a field redefinition ϕ = 1 √ π ∫_{2T} 0 e^{−|u|2} du . (1.4) Then the action (1.3) becomes S = −8πα^′τ_p ∫ d^{p+1}x [ ∂ϕ∂ϕ^∗ + 1 4πα^′ e^{−8|T (ϕ)|2} ] . (1.5)

The mass square of the field ϕ is given by

m^2 =

∂^2 ∂ϕ∂ϕ^∗ ( 1 4πα^′ e^{−8|T (ϕ)|2} ) = 1 α^′ ( |T (ϕ)|^2 − 1 2 ) , (1.6)

and from this the authors of [8] evaluated the finite temperature effective potential in the ideal gas limit. It is easy to show from this potential that at sufficiently low temperature the potential minimum shifts toward the origin of the complex T plane, T = 0, as the temperature increases.^1 On the other hand, computing the potential in the high temperature limit (using the standard method [9]), we can show that the critical temperature, at which the potential has its minimum at T = 0, is enormously higher than the Hagedorn temperature in the weak coupling limit. This is because the tension of the Dp-brane is very large if string coupling is very small as we can see from (1.2), and tachyon field must have extremely high energy in order to create the Dp-Dp pair.

There is another approach to the finite temperature Dp-Dp system. Huang attempted to evaluate the finite temperature effective potential based on BSFT of bosonic strings [10]. He concluded that the high temperature tachyon potential has the same form with that of the zero temperature up to a temperature dependent string tension, and the tachyon rolls down towards the vacuum at T = ∞.^2 However, even if we set T = 0 in the potential, we cannot reproduce the free energy of on-shell open strings. Therefore, we need to compute the finite temperature effective potential in the presence of a constant tachyon background

1We can show this in a similar way as we will perform in section 3.

2In a paper [11], he investigated a finite temperature system of parallel brane and antibrane with a finite distance and concluded that it becomes stable at sufficiently high temperature.

– 2 – based on BSFT and statistical mechanics. Although we will focus on a coincident Dp-Dp pair in type-II string theory, generalization to non BPS branes is straightforward.

In addition to the analogy of symmetry restoration of field theories, we have another motivation to study the finite temperature Dp-Dp system. The free energy of strings diverges above the Hagedorn temperature in general [12]. However, in ten dimensional spacetime, we can reach the Hagedorn temperature for closed strings by supplying a finite amount of energy, while we need infinite energy to reach the Hagedorn temperature for open strings [13]. From this it has been said that, in closed string case, the Hagedorn temperature is associated with a phase transition in analogy with the deconfining transition in QCD, while it is a ‘limiting temperature’ in open string case. For this phase transition of closed strings, Sathiapalan [14], Kogan [15] and Atick and Witten [16] have argued that the ‘winding modes’ of Euclidean time direction becomes tachyonic above the Hagedorn temperature and a phase transition takes place due to the condensation of these tachyon fields. This phase transition is called the Hagedorn transition in closed string theory. However, so far we have not known where the minimum of this tachyon potential is and in what kind of backgrounds the system becomes stable. So we want to shed some light on this problem by investigating the finite temperature brane-antibrane system.

This paper is organized as follows. In section 2 we give the free energy of open strings on the Dp-Dp system based on BSFT. In section 3 we study the finite temperature effective potential at low temperature by using the canonical ensemble method. The system near the Hagedorn temperature is investigated in section 4 and section 5 by using the microcanonical ensemble method, because we cannot use the canonical ensemble method near the Hagedorn temperature as we will see in section 4. In section 6, we discuss a relationship between the Hagedorn transition of closed strings and the phase transition on the NS9B-NS9B system. Section 7 presents our conclusions and directions for future work. In appendix, we describe the finite temperature effective potential evaluated by using the canonical ensemble method.

2. Free energy of open strings

It is convenient to investigate the finite temperature effective potential by using the canonical ensemble method. In this method, the potential of the Dp-Dp system is given by the sum of the zero temperature tachyon potential and the free energy of open strings:

V (T, β) = 2τ_pV exp(−8|T |^2) + F , (2.1)

where F is the free energy of open strings. Thus, we begin by considering the free energy of open strings in this section.

We can compute the free energy by using Matsubara formalism. The free energy is given by the path integral of connected graphs of strings on the space where Euclidean time direction is compactified with the circumference of inverse temperature β. Let us take the weak coupling approximation and treat strings as an ideal gas, that is, we ignore the interactions of open strings. We take into account only one-loop amplitude, where the corresponding cylinder world-sheets wind the Euclidean time direction at least once.

– 3 –

There have been attempts to generalize BSFT to the one-loop amplitude of open strings on the Dp-Dp system [17].^3 However, there is an ambiguity in choosing the Weyl factors of the two boundaries of a one-loop world-sheet, because the conformal invariance is broken by the boundary terms in BSFT. Andreev and Oft have proposed the form of the one-loop amplitude of open strings on the Dp-Dp system [18]. They deduced it from the principle that its low energy part should coincide with that of the tachyon field which obeys the action (1.3). This amplitude can be obtained straightforwardly by choosing boundary terms as those of a cylinder world-sheet

S_b = ∫_{2πt} 0 dτ ∫_π 0 dσ[|T |^2δ(σ) + |T |^2δ(π − σ)] . (2.2) Here we restrict ourselves to the constant tachyon field, which we denote by T . The 1-loop amplitude in such background is then given by

Z_1 =

16π^4iV (2πα^′)^{(p+1)/2} ∫_∞ 0 dτ τ (4πτ)^{−(p+1)/2}e^{−4π|T |2τ} [( ϑ_3(0|iτ) ϑ_1^′(0|iτ) )_4 − ( ϑ_2(0|iτ) ϑ_1^′(0|iτ) )_4]

. (2.3)

We can obtain the same amplitude when we consider the field theory which has the mass spectra

M_{NS}^2 = 1 α^′ ( N_B + N_{NS} + 2|T |^2 − 1 2 ) , (2.4)

M_R^2 = 1 α^′ ( N_B + N_R + 2|T |^2 ) , (2.5)

where M_{NS} and M_R are the mass of the Neveu-Schwarz and Ramond sectors, respectively, and N_B , N_{NS} and N_R are the oscillation modes of the boson, Neveu-Schwarz fermion and Ramond fermion, respectively. The lowest mode of the NS sector (2.4) coincides with that of the tachyon field (1.6). It is convenient to express the free energy by the proper time form [19] to compute the free energy from the above mass spectrum. It is given by F (β) = − V (2πα^′)^{(p+1)/2} ∫_∞ 0 dτ τ (4πτ)^{−(p+1)/2} ∑ M_{NS}^2 ∞∑ r=1 exp ( −2πα^′M_{NS}^2τ − r^2β^2 8πα^′τ ) +

+ V (2πα^′)^{(p+1)/2} ∫_∞ 0 dτ τ (4πτ)^{−(p+1)/2} ∑ M_R^2 ∞∑ r=1 (−1)^r exp ( −2πα^′M_R^2τ − r^2β^2 8πα^′τ ) .

The difference in the signs of each terms come from the fact that the NS sector represents spacetime boson and the R sector spacetime fermion. As depicted in the figure 1, there are four types of open strings, namely, two types of the strings whose two ends attach to the same brane and two types of the strings which are stretched between the Dp-brane and the Dp-brane. If we denote the open strings going from a Dp-brane to a Dp-brane

3Strictly speaking, we must consider quantum master equation in order to investigate quantum corrections to the potential. However, the quantum master equation is still missing for BSFT. Thus, we will not discuss this subject.

– 4 –

Figure 1: For clarity we have displayed the brane and antibrane to be separated. But we are considering the coincident brane-antibrane pair.

as (Dp,Dp), others are denoted as (Dp,Dp), (Dp,Dp) and (Dp,Dp). We must impose the GSO projection for (Dp,Dp) and (Dp,Dp), and the opposite GSO projection for (Dp,Dp) and (Dp,Dp). So, instead of imposing GSO projection, we may multiply two as an overall factor. Summations over the mass can be rewritten by using ϑ function as ∑ M_{NS}^2 exp ( −2πα^′M_{NS}^2τ ) = 32π^4e^{−4π|T |2τ} ( ϑ_3(0|iτ) ϑ_1^′(0|iτ) )_4 , ∑ M_R^2 exp ( −2πα^′M_R^2τ ) = 32π^4e^{−4π|T |2τ} ( ϑ_2(0|iτ) ϑ_1^′(0|iτ) )_4 . (2.6)

Summations over r can be rewritten by using ϑ function as ∞∑ r=1 exp ( − r^2β^2 8πα^′τ ) = 1 2 [ ϑ_3 ( 0 | | | iβ^2 8π^2α^′τ ) − 1 ] , ∞∑ r=1 (−1)^r exp ( − r^2β^2 8πα^′τ ) = 1 2 [ ϑ_4 ( 0 | | | iβ^2 8π^2α^′τ ) − 1 ] . (2.7)

Thus, we obtain^4 F (T, β) = − 16π^4V (2πα^′)^{(p+1)/2} ∫_∞ 0 dτ τ (4πτ)^{−(p+1)/2}e^{−4π|T |2τ} × (2.8) × [( ϑ_3(0|iτ) ϑ_1^′(0|iτ) )_4( ϑ_3 ( 0 | | | iβ^2 8π^2α^′τ ) −1 ) − ( ϑ_2(0|iτ) ϑ_1^′(0|iτ) )_4( ϑ_4 ( 0 | | | iβ^2 8π^2α^′τ ) −1 )] . 4We can represent this free energy as the propagator of closed strings by using the modular transformation of ϑ functions [24].

– 5 –

We can reproduce the free energy of on-shell open strings on the Dp-Dp system by substituting T = 0. We will discuss the finite temperature effective potential at low temperature based on this free energy in the next section.

3. Finite temperature effective potential at low temperature

As mentioned in section 1, the finite temperature effective potential of the tachyon field model is investigated by Danielsson, Güijosa and Kruczenski [8]. From their calculation we can find out that the potential minimum of the finite temperature tachyon potential shifts toward T = 0 as the temperature increases. In this section, we will show that we can obtain the same result by calculating the finite temperature effective potential of the Dp-Dp system at low temperature.

In the large β limit, the integral in the free energy (2.8) can be approximated by the large τ part. This is because the ϑ function depending on β can be expanded in exp ( − β^2 8πα^′τ ) , (3.1)

and these terms are suppressed exponentially unless τ is very large. Expanding ϑ functions and extracting the leading term in large τ region, we obtain F (T, β) ≃ − 2V β_H^{p+1} ∫_∞ 0 dτ τ^{(p+3)/2} exp ( −π(4|T |^2 − 1)τ − β^2 8πα^′τ ) , (3.2)

where β_H is the inverse of the Hagedorn temperature

β_H = 2π √ 2α^′ . (3.3)

We should notice that this term corresponds to the contribution of the lowest energy (tachyonic) mode. Above equation can be rewritten by using the third kind of modified Bessel function F (T, β) ≃ −4V ( π √ 4|T |^2 − 1 β_H β )_{(p+1)/2} K_{(p+1)/2} ( 2π √ 4|T |^2 − 1 β β_H ) . (3.4)

This free energy coincides with that of the tachyon field model when p = 9 [8]. If we assume that both |T | and β are very large, the modified Bessel function can be approximated as K_ν (z) ≃ √ π 2z e^{−z} , (3.5)

and the free energy becomes F (T, β) ≃ − 2^{p/2+1}π^{(p+1)/2}V|T |^{p/2} β_H^{p/2}β^{p/2+1} exp ( − 4πβ β_H |T | ) . (3.6)

We can obtain the finite temperature effective potential by substituting this free energy to (2.1). At the potential minimum, this potential satisfies ∂V (T, β) ∂|T | = 0 , (3.7)

– 6 – and we can obtain the condition for the temperature by substituting the potential we computed. Taking into consideration the assumption that both |T | and β are very large, this gives |T | ≃ π 2β_H β = πT_H 2T , (3.8)

where T denotes the temperature T = β^{−1}, and T_H denotes the Hagedorn temperature

T_H = β_H^{−1} = 1 2π √ 2α^′ . (3.9)

From this we can see that |T | decreases with increasing T . This implies that the potential minimum moves towards |T | = 0 as the temperature increases, like the tachyon field model.

4. Complex temperature formalism

It is well-known that perturbative strings have a maximum temperature, which is so called the Hagedorn temperature. This comes from the fact that the degeneracy of oscillation modes of a single string increases exponentially with the energy, and the density of states Ω(E) of strings behave as Ω(E) ∼ e^{βH E} , (4.1)

for large E. The energy of strings is dominated by very high oscillation modes of a single high energy string near the Hagedorn temperature. Consequently, we cannot raise the temperature by adding more energy to the system because a high energy string soaks up most of the energy.

Unfortunately, we cannot use the canonical ensemble method near the Hagedorn temperature [20]. We can see this from the relation between density of states and partition function, that is, the Laplace transformation Z(β) = ∫_∞ 0 dE Ω(E)e^{−βE} , (4.2) The integrand is not sharply peeked function of E near the Hagedorn temperature, and the canonical ensemble method is not guaranteed to be valid. Thus, we must derive the thermodynamical quantities near the Hagedorn temperature from the microcanonical ensemble method, which is more fundamental than the canonical ensemble method in the sense that it is derived directly from ergodic theory. This process was performed in the case of closed strings [22] and in the case of open strings on D-branes [23]. We will apply this method in the case of open strings on the Dp-Dp system.

We can derive all the statistical variables from the density of states Ω(E) in the microcanonical ensemble method. Ω(E) is given by the inverse Laplace transformation of Z(β)

Ω(E) = ∫_{L+i∞} L−i∞ dβ 2πi Z(β)e^{βE} , (4.3)

which is the opposite relation of (4.2). We must choose a constant L such that the path of the integral in the complex β-plane lies on the right side of all the singularities of the

– 7 –

Figure 2: Complex β plane.

integrand. Then, we can deform the contour to the left side such as to pick picking up the singularities, as is sketched in figure 2. We will first investigate the singular property of the partition function on the complex β plane in this section, and then calculate the finite temperature effective potential in the next section.

A general property of the partition function of strings is that it has the leading singularity at β = β_H , which we call the Hagedorn singularity. In order to see this, let us see the behavior of the free energy near the Hagedorn temperature. In contrast to the low temperature case, we must expand the integral in small τ region. This can be easily performed by making the variable transformation τ = 1 t , (4.4)

and considering large t region. Using the modular transformation of ϑ functions, we obtain F (T, β) = − 16π^4V β_H^{p+1} ∫_∞ 0 dt t^{(p−9)/2} exp ( − 4π|T |^2 t ) × (4.5) × [( ϑ_3(0|it) ϑ_1^′(0|it) )_4 (

ϑ_3 ( 0 | | iβ^2t 8π^2α^′ ) −1 ) − ( ϑ_4(0|it) ϑ_1^′(0|it) )_4( ϑ_4 ( 0 | | iβ^2t 8π^2α^′ ) − 1 )] .

Expanding ϑ functions and extracting the leading term in large t region near the Hagedorn singularity, we obtain^5 F (T, β) ≃ − 4V β_H^{p+1} ∫_∞ 0 dt t^{p−92} exp [ − 4π|T |^2 t + ( π − β^2 8πα^′ ) t ] . (4.6)

5Strictly speaking, we must introduce a low energy cutoff as we will see in appendix.

– 8 –

Since we will compute the |T |^2 term of the finite temperature effective potential in the vicinity of T = 0, let us expand the free energy in |T |^2 and keep the lower order terms F (T, β) ≃ − 4V β_H^{p+1} ∫_∞ 0 dtt^{(p−9)/2} exp ( π β_H^2 − β^2

β_H^2 t ) + + 16πV|T |^2 β_H^{p+1} ∫_∞ 0 dtt^{(p−11)/2} exp ( π β_H^2 − β^2 β_H^2 t ) . (4.7)

From this we will discuss the finite temperature effective action by using the canonical ensemble method in appendix. If p ≠ 9, the integration over t can be easily done by using the formula: t^l = 1 Γ(−l) ∫_∞ 0 du u^{−(l+1)}e^{−tu} , (4.8) and we obtain F (T, β) ≃ − 4V β_H^{p+1}Γ((9 − p)/2) ∫_∞ 0 du u^{(7−p)/2} u − π(β_H^2 − β^2)/β_H^2 + + 16πV|T |^2 β_H^{p+1}Γ((11 − p)/2) ∫_∞ 0 du u^{(9−p)/2} u − π(β_H^2 − β^2)/β_H^2

. (4.9)

In order to investigate the behavior of the partition function, let us introduce

W (T, β) ≡ log Z = −βF , (4.10)

and investigate the singular part of W , which we denote W_{sing}. W has a branch point at β = β_H , and we can draw a cut to the negative direction of the real axis. Let us evaluate the discontinuity of W across the cut. From the definition of the discontinuity, it can be written as ΔW ≡ lim_{ε→+0} [W (T, β + iε) − W (T, β − iε)] (β < β_H ) ≃ − 4V β_H^{7−2α}Γ(α + 1) ∫_∞ 0 du u^α lim_{ε′→+0} ( 1 u − 2π(β_H − β)/β_H + iε^′ −

− 1 u − 2π(β_H − β)/β_H − iε^′ ) +

+ 16πV|T |^2 β_H^{8−2α}Γ(α + 2) ∫_∞ 0 du u^{α+1} lim_{ε′→+0} ( 1 u − 2π(β_H − β)/β_H + iε^′ −

− 1 u − 2π(β_H − β)/β_H − iε^′ ) , where ε^′ = 2πε/β_H and we have introduced α ≡ 7 − p 2 . (4.11)

By using the definition of δ function δ(x) ≡ 1 2πi lim_{ε→+0} ( 1 x − iε − 1 x + iε ) , (4.12)

– 9 – we can rewrite ΔW as ΔW ≃ − (−1)^{α+1/2}4(2π)^{α+1}V Γ(α + 1)β_H^{7−α}

(β − β_H )^α +

(−1)^{α+3/2}8(2π)^{α+3}V|T |^2 Γ(α + 2)β_H^{8−α}

(β − β_H )^{α+1} . (4.13)

This non-zero ΔW guarantees that β = β_H is a branch point. We can deduce W_{sing} from ΔW as follows [22, 23].

(a) α : half-integer (p : even)

(β − β_H )^α has discontinuity at β = β_H when α is a half-integer. Using this fact and a formula for Γ function Γ(Z)Γ(1 − z) = π sin πz , (4.14) we can express W_{sing} as

W_{sing} ∼ [C_α(β − β_H )^α − D_α|T |^2(β − β_H )^{α+1}]V , (4.15)

where

C_α =

4(2π)^αΓ(−α) β_H^{7−α} , D_α =

8(2π)^{α+2}Γ(−α − 1) β_H^{8−α} . (4.16)

(b) α : integer (α ≠ −1) (p : odd (p ≠ 9)) In this case, (β − β_H )^α has no discontinuity. However, log[β_H^{−1}(β − β_H )] has discontinuity at β = β_H and we can express W_{sing} as

W_{sing} ∼ [C_α(β − β_H )^α − D_α|T |^2(β − β_H )^{α+1}]V log ( β − β_H β_H ) , (4.17)

where

C_α =

(−1)^{α+1}4(2π)^α Γ(α + 1)β_H^{7−α} , D_α =

(−1)^{α+2}8(2π)^{α+2} Γ(α + 2)β_H^{8−α}

. (4.18)

(c) α = −1 (p = 9)

In this case, we can perform the integral in the first term of (4.7) explicitly. For the second term, we can obtain the discontinuity in the same way when α is an integer. Combining two terms, we can express W_{sing} as

W_{sing} ∼ C_{−1}V β − β_H − D_{−1}V|T |^2 log ( β − β_H β_H ) , (4.19)

where

C_{−1} = 2 πβ_H^8 , D_{−1} = − 16π β_H^9

. (4.20)

– 10 –

The first term gives the pole in the complex β-plane.

We thus have obtained W_{sing} for all possible α, which can summarized as

W_{sing} ∼ C_αV(β − β_H )^α ( log ( β − β_H β_H ))_a − D_αV|T |^2(β − β_H )^α ( log ( β − β_H β_H ))_b , (4.21) where a is 1 if α is an integer except −1 and 0 otherwise, and b is 1 if α is an integer and 0 otherwise. The singular part of the partition function can be obtained from (4.10) and this W_{sing}. We can compute the density of states from it. We will see it in the next section.

5. Finite temperature effective potential near the Hagedorn temperature

We can derive thermodynamical variables from the density of states in the microcanonical ensemble method, as we mentioned in the previous section. The density of states Ω(E) can be obtained from the partition function Z(β) by using the inverse Laplace transformation (4.3). Z(β) is related to W (β) as

Z(T, β) = e^W = exp[W_{reg} + W_{sing}] . (5.1)

Here W_{reg} is the regular part of W , which can be expanded in a power of (β − β_H ) as

W_{reg} = λ_0V − σ_0V(β − β_H ) + O(V(β − β_H )^2) . (5.2)

It is easily to see that λ_0 is the constant which has the dimension of the inverse of volume, and σ_0 is the constant which has the dimension of an energy density. Thus, using eqs. (4.3), (4.21), (5.1) and (5.2), we obtain the density of states as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi exp [ (β − β_H )E + O(V(β − β_H )^2) +

+ C_αV(β − β_H )^α ( log ( β − β_H β_H ))_a − − D_αV|T |^2(β − β_H )^α ( log ( β − β_H β_H ))_b] , (5.3)

where E ≡ E − σ_0V. Furthermore, knowing the explicit form of Ω(E), we can calculate the entropy S(E) as S(T, E) = log Ω(T, E)δE , (5.4) and the inverse temperature β as β = ∂S ∂E . (5.5)

Then, the finite temperature effective potential of the Dp-Dp system is given by

V (T, E) = 2τ_pV exp(−8|T |^2) − β^{−1}S . (5.6)

Now, we are ready to calculate the finite temperature effective potential by using the microcanonical ensemble method. We will give a discussion for each value of p separately, since our approximation to calculate Ω(T, E) differs for each value of p.

– 11 –

(a) p = 9 (α = −1) Let us first consider the case of the D9-D9 system, which is the most interesting case. In this case (5.3) is rewritten as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi ( β − β_H β_H )_{−D−1V|T |}2 exp [ (β − β_H )E + C_{−1}V β − β_H ] . (5.7) Let us suppose that both E and E/V are very large. Then, the saddle point method works well because the exponent in the integrand is very large. The result is^6 Ω(T, E) ≃ 1 2 √ π ( β_H^2E C_{−1}V )_{D−1V|T |}^2_{/2} ( C_{−1}V E^3 )_{1/4} exp ( β_H E + λ_0V + 2 √ C_{−1}VE ) . (5.8) In (5.7), we ignored O(V(β − β_H )^2) term when we derive this equation from (5.3). We will examine the correction of the saddle point method from this term later in the p = 6 case. Substituting Ω(E) into (5.4), we obtain S(T, E) ≃ D_{−1}V|T |^2 2 log ( β_H^2E C_{−1}V ) − 3 4 log ( E C_{−1}^{1/3}V^{1/3}(δE)^{4/3} ) + +β_H E + λ_0V + 2 √ C_{−1}VE, (5.9)

and from (5.5), we get β ≃ D_{−1}V|T |^2 2E − 3 4E + β_H + √ C_{−1}V E . (5.10)

The finite temperature effective potential can be derived from (5.6). In order to argue the stability of the brane-antibrane system, we need only |T |^2 term of V (T, E). This term is given by [ −16τ_9V + 8πV β_H^{10} log ( πβ_H^{10}E 2V )] |T |^2. (5.11)

It should be noted that the second term in the coefficient of |T |^2 increases with increasing E. Since the first term is constant as far as V and τ_9 fixed, the sign of the |T |^2 term changes from negative to positive at large E. The coefficient vanishes when E ≃ 2V πβ_H^{10} exp ( 2β_H^{10}τ_9 π ) . (5.12)

If we approximate (5.10) as β ≃ β_H + √ C_{−1}V E , (5.13)

we can derive the critical temperature T_c at which the coefficient vanishes. The result is T_c = β^{−1} ≃ β_H^{−1} [ 1 + exp ( − β_H^{10}τ_9 π )]_{−1} . (5.14)

6We can obtain the same result by using modified Bessel function.

– 12 –

Here we see that this temperature is very close to the Hagedorn temperature since τ_9 is very large if the coupling of strings is very small. Above this temperature, the coefficient of |T |^2 is positive and T = 0 becomes the potential minimum. This implies that a phase transition occurs at the temperature T_c which is slightly below the Hagedorn temperature, and the D9-D9 system is stable above this temperature.

(b) p = 8 (α = −1/2) Next, let us consider the case of the D8-D8 system, where we will see that a result strikingly different from the case of the D9-D9 system arises. From (5.3) the density of states is given by Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi exp [ (β − β_H )E + C_{−1/2}V(β − β_H )^{−1/2} −

− D_{−1/2}V|T |^2(β − β_H )^{1/2} ]

≃ e^{βH E+λ0V} ∫ C_a dβ 2πi [ 1 − D_{−1/2}V|T |^2(β − β_H )^{1/2} ] × × exp [ (β − β_H )E + C_{−1/2}V(β − β_H )^{−1/2} ] , (5.15)

where we take the small |T |^2 approximation in the second equality. We can also use the saddle point method and obtain Ω(T, E) ≃ C_{−1/2}^{1/3}V^{1/3} 3^{1/2}2^{1/3}π^{1/2}E^{5/6} ×

× exp ( β_H E + λ_0V +

3C_{−1/2}^{2/3}V^{2/3}E^{1/3}

2^{2/3} − C_{−1/2}^{1/3}D_{−1/2}V^{4/3}|T |^2 2^{1/3}E^{1/3} ) . We can calculate the entropy S, the inverse temperature β and the potential V (T, E) from (5.4), (5.5) and (5.6) as in the D9-D9 case. The |T |^2 term of V (T, E) is given by (

−16τ_8V +

2^{23/3}V^{4/3} 3β_H^{12}E^{1/3} ) |T |^2 . (5.16)

It should be noted that the second term in the coefficient of |T |^2 decreases as E gets large. Thus, the coefficient of |T |^2 remains negative for large E. This implies that a phase transition does not occur unlike in the D9-D9 case.

(c) p = 7 (α = 0) In this case, the density of states can be obtained from (5.3) as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi × ×exp [ (β−β_H )E + ( C_0 −D_0|T |^2(β−β_H ) ) V log ( β−β_H β_H )] ,

– 13 – and we can also use the saddle point method if we expand in |T |^2 like in the D8-D8 case. The result is Ω(T, E) ≃ √ −C_0V √ 2πE exp [ β_H E+λ_0V −C_0V + ( C_0V +

C_0D_0V^2|T |^2 E ) log ( − C_0V β_H E )] . (5.17) We can calculate the finite temperature effective potential from this, and its |T |^2 term is given by [ −16τ_7V − 2^7π^2V^2 β_H^{16}E log ( − β_H^8E 4V )] |T |^2 . (5.18)

From this we can see that the coefficient is always negative, so that a phase transition does not occur.

(d) p = 6 (α = 1/2) In this case, the density of states can be obtained from (5.3) as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi × × exp [ (β − β_H )E + ( C_{1/2}(β−β_H )^{1/2} −D_{1/2}|T |^2(β−β_H )^{3/2} ) V ]

and we can also use the saddle point method if we expand in |T |^2 like in the D8-D8 case. The result is Ω(T, E) ≃ − C_{1/2}V 2 √ πE^{3/2} exp [ β_H E + λ_0V −

C_{1/2}^2V^2 4E + C_{1/2}^3D_{1/2}V^4 8E^3 |T |^2 ] . (5.19)

We can calculate the finite temperature effective potential from this, and its |T |^2 term is given by [ −16τ_6V − 2^{17}π^6V^4 β_H^{28}E^3 ] |T |^2 . (5.20)

From this we can see that the coefficient is always negative, so that a phase transition does not occur.

Here, we must consider corrections to the saddle point approximation. Such corrections come from O(V(β − β_H )^2) term in (5.3), which we have ignored so far. This term gives rise to a shift of the saddle point. Let us consider in the case that α is a half integer. If we write this term as ∞∑ n=0 O(V(β − β_H )^{n+2}) , (5.21)

then the correction enters as a multiplicative factor exp [_∞ ∑ n=0 O ( V ( E V )_{(n+2)/(α−1)})] . (5.22)

– 14 –

If the ratio E/V is very large, we can use the saddle point method for α ≤ 1/2, because the power of E/V is negative and the correction becomes negligible. However, we cannot ignore the correction for α ≥ 3/2, because the power is positive and the correction becomes very large for sufficiently large n. Similar calculation leads us to the result that we can use the saddle point method also in the case of α = 0, −1. If α is a positive integer then O(V(β − β_H )^2) term is of the same order to other terms. Therefore, we cannot use the saddle point method when α ≥ 1.

(e) p = 5 (α = 1) In this case, we cannot use the saddle point method, and thus we adapt another approximation as follows. The density of states can be obtained from (5.3) as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi × (5.23)

× exp [ (β − β_H )E + ( C_1(β − β_H ) − D_1|T |^2(β − β_H )^2 ) V log ( β − β_H β_H )] . If we define z = −(β − β_H )E^′ , (5.24)

then (5.23) can be rewritten as Ω(T, E) ≃ − e^{βH E+λ0V} E^′ ∫ C_b dz 2πi e^{−z} × exp [ − C_1Vz E^′ ( log ( Vz β_H^6E^′ ) − πi ) − (5.25)

− D_1V|T |^2z^2 E^{′2} ( log ( z β_H E^′ ) − πi )] , where we define E^′ ≡ E − C_1V log ( V β_H^5 ) , (5.26)

for simplicity. The contour of the integral is deformed in the complex plane, as sketched in figure 3. We approximate the integral in (5.25) by the contour integral in both side of the cut as

∫_0

z_1 dz 2πi e^{−z} exp [ − C_1Vz E^′ ( log ( Vz β_H^6E^′ ) −πi ) − D_1V|T |^2z^2 E^{′2} ( log ( z β_H E^′ ) −πi )] + + ∫_{z1} 0 dz 2πi e^{−z} exp [ − C_1Vz E^′ ( log ( Vz β_H^6E^′ ) + πi ) −

− D_1V|T |^2z^2 E^{′2} ( log ( z β_H E^′ ) + πi )] =

= ∫_{z1} 0 dz π e^{−z} exp [ − C_1Vz E^′ log ( Vz β_H^6E^′ ) − D_1V|T |^2z^2 E^{′2} log ( z β_H E^′ )] × × sin ( πC_1Vz E^′ + πD_1V|T |^2z^2 E^{′2} ) ,

– 15 – where z_1 = −(L^′ − β_H )E^′ . (5.27) Since we are assuming that E is very large, the integrand can be expanded in 1/E^′, and we can take a limit z_1 → ∞. The integral becomes − C_1V E^′ Γ(2) + [ C_1^2V^2 E^{′2} log ( Vz β_H^6E^′ ) − D_1V|T |^2z^2 E^{′2} ] Γ(3) +

C_1^2V^2 E^{′2} Γ^′(3) , (5.28)

where we express the derivative of Γ function as Γ^′(z). If we include O(V(β − β_H )^2) term in (5.3), it can be rewritten as O(Vz^2/E^{′2}) and is a function of (β − β_H ) to the integer power, so that we can drop it in this expansion. We can calculate Γ^′(z) from the relation between Γ function and digamma function ψ(z) ψ(z) = Γ^′(z) Γ(z)

. (5.29)

and from ψ(3) = 3 2 − γ , (5.30)

where γ is the Euler constant γ = 0.57721 · · ·. Substituting the result into (5.25), we obtain Ω(T, E) ≃ 8πV β_H^6E^{′2} e^{βH E+λ0V} [ 1 − 16πV β_H^6E^′ log ( V β_H^6E^′ ) − 8π^2|T |^2 β_H E^′ − 8π(3 − 2γ)V β_H^6E^′ ] . (5.31) We can calculate the finite temperature effective potential from this, and its |T |^2 term is given by [ −16τ_5V − 16π^2 β_H^2E^′ ] |T |^2 . (5.32)

From this we can see that the coefficient is always negative, so that a phase transition does not occur.

(f) p = 4, 2, 0 (α = 3/2, 5/2, 7/2) We can calculate the finite temperature effective potential in analogy with the p = 5 case. The density of states can be obtained from (5.3) as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi exp [ (β − β_H )E + ( C_α(β − β_H )^α −

− D_α|T |^2(β − β_H )^{α+1} ) V ] . (5.33)

Using the transformation z = −(β − β_H )E , (5.34) we get Ω(T, E) ≃ − e^{βH E+λ0V} E ∫ C_b dz 2πi exp [ −z + ( C_αz^α E^α e^{−πiα} − − D_α|T |^2z^{α+1} E^{α+1} e^{−πi(α+1)} ) V ] . (5.35)

– 16 –

Figure 3: Complex z plane.

The contour of the integral is deformed as in figure 3, but z_1 is here replaced by z_2, where z_2 = −(L^′ − β_H )E . (5.36)

We can approximate the integral by the contour integral in both sides of the cut as − ∫_{z2} 0 dz π e^{−z} sin ( C_α sin(−πα)Vz^α E^α − D_α sin(−π(α + 1))V|T |^2z^{α+1} E^{α+1} ) . (5.37)

Expanding the integrand in 1/E and taking the limit z_2 → ∞, the integral becomes − 4(2π)^αΓ(−α)Γ(−α + 1) sin(−πα) πβ_H^{7−α} V E^α + + 8(2π)^{α+2}Γ(−α − 1)Γ(−α + 2) sin(−π(α + 1))|T |^2 πβ_H^{8−α} V E^{α+1} . (5.38)

Using (4.14), we obtain Ω(T, E) ≃ − 4(2π)^αV β_H^{7−α}E^{α+1} e^{βH E+λ0V} ( 1 − 8π^2|T |^2 β_H E ) . (5.39)

We can calculate the finite temperature effective potential from this, and its |T |^2 term is given by [ −16τ_pV − 16π^2 β_H^2E ] |T |^2 . (5.40)

From this we can see that the coefficient is always negative, so that a phase transition does not occur.

– 17 –

(g) p = 3, 1 (α = 2, 3) We can also calculate the finite temperature effective potential in a similar way as that we have done in the above two cases. The density of states can be obtained from (5.3) as Ω(T, E) ≃ e^{βH E+λ0V} ∫ C_a dβ 2πi exp [ (β − β_H )E + ( C_α(β − β_H )^α −

− D_α|T |^2(β − β_H )^{α+1} ) V × × log ( β − β_H β_H )] , (5.41)

and a similar calculation leads us to the same result, that is, Ω(T, E) ≃ − 4(2π)^αV β_H^{7−α}E^{α+1} e^{βH E+λ0V} ( 1 − 8π^2|T |^2 β_H E ) . (5.42)

We can calculate the finite temperature effective potential from this, and its |T |^2 term is given by [ −16τ_pV − 16π^2 β_H^2E ] |T |^2 . (5.43)

From this we can see that the coefficient is always negative, so that a phase transition does not occur.

Let us summarize the results of this section. In D9-D9 case, the sign of coefficient of the |T |^2 term of the finite temperature effective potential changes from negative to positive near the Hagedorn temperature as the temperature increases, while it remains negative in the case of Dp-Dp with p ≤ 8. These results lead us to the conclusion that a phase transition takes place only in the case of D9-D9 pair. Therefore, not the lower dimensional braneantibrane pair but the space-filling D9-D9 pair is created near the Hagedorn temperature.

6. Speculation about the Hagedorn transition

Let us turn to discuss the Hagedorn transition in closed string theory. If we consider the closed strings near the Hagedorn temperature, the strings are highly excited and the energy density is very large. Therefore, the effective coupling of strings becomes very large. As a consequence, we must consider this transition in the strong coupling region.

In addition, it seems correct that the coupling of strings becomes very large during this phase transition for the following reason. Let us recall the relation between type-II theory and type 0 theory [25]. The one-loop free energy of type-II theory in the high temperature limit coincides with the one-loop amplitude function of type 0 theory. On the other hand, Bergman and Gaberdiel conjectured that type 0A theory is obtained by the orbifold compactification of M-theory [26]. The coupling constant of type 0A theory becomes large as the radius of the compactified eleventh dimension increases. While type 0A theory includes a tachyon field and is unstable, M-theory has no tachyon field and is stable. The above

– 18 – conjecture implies that type 0A tachyon becomes massive at sufficiently strong coupling, and that the tachyonic instability disappears in the strong coupling regime. Therefore, the weak coupling type 0A theory undergoes a phase transition by tachyon condensation and the eleventh dimension decompactifies completely. From this viewpoint one may say that the coupling constant increases unlimitedly during the Hagedorn transition in type-IIA theory. For type-IIB theory, similar speculation can be deduced from the relation between type 0B theory and M-theory. Thus, we must discuss the phase transition in the strong coupling.

Let us consider the phase transition in type-IIB theory. This theory has the S-duality symmetry which interchanges the strong coupling region with the weak coupling one. In the previous section, we have shown that the D9-D9 system becomes stable near the Hagedorn temperature. If we apply the S-duality to D9-brane, we obtain an NS9B-brane [27]. The world volume theory of D9-brane is described by open fundamental strings, which live on it. Since the S-dual object of fundamental string is D-string, the world volume theory of NS9Bbrane can be described by the open D-strings. D-strings can be treated perturbatively in large g_s region, where g_s is the coupling constant for closed fundamental strings.

Let us see the Hagedorn temperature for D-strings. The Hagedorn temperature for fundamental strings depends only on their tension, which is given by

τ_{F 1} = 1 2πα^′ . (6.1)

On the other hand, the tension of the D-string can be obtained by substituting p = 1 into (1.2) as^7 τ_{D1} = 1 2πα^′g_s . (6.2)

Therefore, we can obtain the Hagedorn temperature for D-strings by replacing α^′ in the Hagedorn temperature (3.9) with α^′g_s. The result is T_{DH} = 1 2π √ 2α^′g_s . (6.3)

We can see that the Hagedorn temperature for D-strings is very small when g_s is very large. Our calculation implies that the critical temperature for the phase transition in the case of NS9B-NS9B is slightly below this temperature and it is very small. The reason for this can be understood from the tension of the NS9-brane, which is given by [27] τ NS9B = 1 (2π)^9α^{′5}g_s^4

. (6.4)

From this we can see that the NS9B-NS9B pair is created in the low energy region when g_s is very large.

From these observations we propose the following model of the Hagedorn transition. Let us start from closed fundamental strings at low temperature. Closed strings are excited as the temperature increases, and the density of strings become very large near the

7Since D-string is a BPS object, we may extend this formula to the strong coupling region.

– 19 –

Hagedorn temperature. This lead to the increase of g_s, and the tension of NS9B-brane becomes small. Then a phase transition occurs, and the NS9B-NS9B system appears.

Let us make some comments on this model. Firstly, it seems reasonable to assume that higher dimensional NS-charged objects are realized as a configuration of infinitely many lower dimensional NS-charged objects in analogy with the D-brane case [28]. In this sense, one may say that the NS9B-NS9B system consists of fundamental strings in our model.

Secondly, if we consider the Hagedorn transition in flat spacetime, there is no preferred choice of directions. Thus, it is natural to think that closed fundamental strings change to the spacetime-filling brane, since the spacetime-filling branes manifestly preserve all spacetime symmetries, while the lower-dimensional branes break some of the symmetries [30]. Our results seem very reasonable in this sense.

Thirdly, the coupling constant of strings is related to the expectation value of dilaton field. If we denote the expectation value as ϕ then the coupling constant is represented as

g_s = e^ϕ . (6.5)

Since the dilaton field is one of the massless modes of closed strings, the coupling constant is determined from closed string side. As a consequence, open D-string are kept weakly coupled as long as the closed fundamental string coupling g_s is very large.

7. Conclusion and discussion

In this paper, we have discussed the behavior of the finite temperature effective potential on the brane-antibrane pair in the constant tachyon background. We evaluated the potential at low temperature by using the canonical ensemble method and concluded that the potential minimum shifts towards T = 0 as the temperature increases in the low temperature region. Near the Hagedorn temperature, we have calculated the |T |^2 term of the potential by using the microcanonical ensemble method. For the D9-D9 system, the sign of the coefficient of this term changes from negative to positive at slightly below the Hagedorn temperature. This implies that a phase transition occurs at this temperature and the D9-D9 system becomes stable above this temperature. This result is in sharp contrast to lower dimensional brane-antibrane cases. For the Dp-Dp system with p ≤ 8, the coefficient remains negative near the Hagedorn temperature, so that such a phase transition does not occur. We thus concluded that not a lower dimensional brane-antibrane pair but a D9-D9 pair is created near the Hagedorn temperature.

This difference comes from the contribution from the momentum modes of open strings, which can be taken in p-dimensional spatial directions on Dp-brane. If we compactify the background spacetime, we must take into consideration not only momentum modes but also winding modes. It would be interesting to investigate the finite temperature effective potential in a compact background spacetime because the energy spectrum of momentum and winding modes depend on the background spacetime. In particular, we might be able to analyze the finite temperature effective action explicitly in the case of torus background, which is the simplest non-trivial one.

– 20 –

Our calculation is based on the one-loop amplitude of open strings, which has been proposed by Andreev and Oft [18]. As we have mentioned in section 2, we have a problem in choosing the Weyl factors in two boundary terms of one-loop world-sheet. Although the choice of Andreev and Oft has the meaning that both side of cylinder world-sheet is treated on an equal footing, we must explain the fundamental reason why this choice is successful even if it is correct. However, we only need to analyze the vicinity of T = 0 in order to investigate whether the phase transition occurs or not. Our calculation is valid if the mass square is shifted as equations (2.4) and (2.5) for small |T |.

We have proposed that the Hagedorn transition in type-IIB string theory might be a transition from closed strings to the NS9B-NS9B system. This proposal comes from our calculation and the S-duality. Since the tension of NS9B-brane decreases as the string coupling constant increases, it is natural to think that not only one pair but also large number of brane-antibrane pairs appear in this phase transition. Thus we must consider the finite temperature system of n NS9B-branes and n NS9B-branes, or their S-dual objects, namely, those of n D9-branes and n D9-branes.

Type-IIA string theory is obtained by applying a T-duality to type-IIB theory. Since the T-dual object of NS9B-brane is NS9A-brane [27], our proposal is replaced by the phase transition from closed strings to the NS9A-NS9A system in type-IIA theory. In strong coupling region, type-IIA theory is lifted to eleven dimensional M-theory, and NS9Abrane to M9-brane. Thus, we might have to study the properties of M9-brane in order to investigate the Hagedorn transition in type-IIA theory.

If there exist charged objects such as D-branes and NS-branes before the Hagedorn transition occurs, then it seems natural that NS9-NS9 system includes these objects. Topological configuration of these objects is described by (the S-dual of) the K-theory [29] [30]. It would be interesting to investigate our model in terms of the K-theory.

The application of our model to cosmology is very important because brane-antibrane pairs might be excited if the temperature of the early universe is close to the Hagedorn temperature. The tension of the brane-antibrane system behaves as the cosmological constant, so that the universe experiences inflation. In fact, much work has been done in this direction [31] [32].

Finally, the phase transition to the 9-brane is reminiscent of the Plank solid model of Schwarzschild black holes [33]. It might be interesting to study the black holes as the NS9-NS9 system.

Acknowledgments

The author would like to thank colleagues at Kyoto University for useful discussions. He also would like to thank M. Fukuma for discussions and comments on the manuscript. He is grateful to K. Kikkawa and M. Ninomiya for discussions and encouragement. He appreciates the organizers of Summer Institute 2001 at Yamanashi for hospitality and the Yukawa Institute for Theoretical Physics at Kyoto University, where discussions during the YITP workshop YITP-W-99-99 on ”the title of the workshop” were useful to complete this work.

– 21 –

A. Finite temperature effective potential in canonical ensemble method

As we commented in section 4, the calculation based on the canonical ensemble cannot be trusted if the temperature is closed to the Hagedorn temperature. In this appendix, we show that the canonical ensemble method gives different results from those obtained by the microcanonical ensemble method, by explicitly calculating the potential based only on the canonical ensemble. From (4.7) the free energy is given by F (T, β) = − 4V β_H^{p+1} ∫_∞ Λ dt t^{(p−9)/2} exp ( π β_H^2 − β^2 β_H^2 t ) + + 16πV|T |^2 β_H^{p+1} ∫_∞ Λ dt t^{(p−11)/2} exp ( π β_H^2 − β^2 β_H^2 t ) , (A.1)

where we have introduced the low energy cutoff. This cutoff is required when we made an approximation to derive (4.6). Using the incomplete Gamma function, (A.1) can be rewritten as F (T, β) ≃ − 4V π^{(p−7)/2}β_H^8(β_H^2 − β^2)^{(p−7)/2} Γ ( p − 7 2 , π β_H^2 − β^2

β_H^2 Λ ) + + 16πV|T |^2 π^{(p−9)/2}β_H^{10}(β_H^2 − β^2)^{(p−9)/2} Γ ( p − 9 2 , π β_H^2 − β^2

β_H^2 Λ ) . (A.2)

The potential for each p can be derived from this as follows.

(a) p = 9 If we substitute p = 9 into the first term of (A.2), the first argument of incomplete Γ function becomes one, so that we can set Λ = 0. For the second term of (A.2) we can use the following formula for the incomplete Γ function;

Γ(0, x) = −γ − log x − ∞∑ n=1 (−1)^nx^n n · n! , (A.3)

where γ is the Euler constant. Combining these two terms, we get F (T, β) ≃ − 4V πβ_H^8(β_H^2 − β^2) − 16πV|T |^2 β_H^{10} ln ( π β_H^2 − β^2

β_H^2 Λ ) . (A.4)

We can obtain the finite temperature effective potential from (2.1), and its |T |^2 term is given by [ −16τ_9V − 16πV β_H^{10} log ( π β_H^2 − β^2 β_H^2 Λ )] |T |^2 . (A.5)

This has a similar form to (5.11) which was derived by using the microcanonical ensemble method. The coefficient vanishes at the critical temperature T_c given by

T_c = β^{−1} ≃ [ β^2_H + β_H^2 πΛ exp ( − β_H^{10}τ_9 π )]_{−1/2}

≃ β_H^{−1} [ 1 + 1 2πΛ exp ( − β_H^{10}τ_9 π )]_{−1} . (A.6)

– 22 –

If we set Λ = (2π)^{−1}, the result is the same as (5.14) which is derived by using the microcanonical method.^8

(b) p : even

In this case we may set Λ = 0 and we obtain Γ functions. Γ function with half integer argument is given by Γ ( −n + 1 2 ) = (−4)^nn! (2n)! √ π . (A.7)

Substituting this into (A.2), we obtain F (T, β) ≃ − (−1)^{5−p/2}2^{10−p} (4 − p/2)! π^{p/2−4}(8 − p)! (β_H^2 − β^2)^{(7−p)/2}V β_H^8 + + (−1)^{5−p/2}2^{14−p} (5 − p/2)!

π^{p/2−6}(10 − p)!

(β_H^2 − β^2)^{(9−p)/2}V β_H^{10}

|T |^2 . (A.8)

We can obtain the finite temperature effective potential from (2.1), and its |T |^2 term is given by [ −16τ_pV + (−1)^{5−p/2}2^{14−p} (5 − p/2)!

π^{p/2−6}(10 − p)!

(β_H^2 − β^2)^{(9−p)/2}V β_H^{10} ] |T |^2 . (A.9)

The coefficient remains negative near the Hagedorn temperature, namely β ≃ β_H . Although the result agrees with (5.16) and (5.22) for p = 8 and p = 6, respectively, up to numerical coefficient, we obtain different results for p = 4, 2 , 0.

(c) p : odd (p ≠ 9) The incomplete Γ function whose first argument is a negative integer can be expanded as Γ(−n, x) = 1 n! e^{−x} n∑ s=1 (−1)^{s−1}(a − s)!x^{−n+s−1} + (−1)^n n! Γ(0, x) . (A.10)

In our case, Λ → 0 corresponds to x → 0, so that incomplete Γ function can be approximated by the last term. Thus, the free energy can be approximated as F (T, β) ≃ − 4(−1)^{(9−p)/2} π^{(p−7)/2} ((7 − p)/2)!β_H^8

(β_H^2 − β^2)^{(7−p)/2}V log ( π β_H^2 − β^2

β_H^2 Λ ) + + (−1)^{5−p/2}2^{14−p} (5 − p/2)!

π^{p/2−6}(10 − p)!

(β_H^2 − β^2)^{(9−p)/2} β_H^{10}

V|T |^2 . (A.11)

We can obtain the finite temperature effective potential from (2.1), and its |T |^2 term is given by [ −16τ_pV + (−1)^{5−p/2}2^{14−p} (5 − p/2)!

π^{p/2−6}(10 − p)!

(β_H^2 − β^2)^{(9−p)/2} β_H^{10} V ] |T |^2 . (A.12)

8In order to keep the argument of the logarithm in (4.19) dimensionless, we have divided (β −βH ) by βH . But this denominator is ambiguous as long as it has the dimension of the inverse of the temperature. For the different denominator, we can obtain the same result by shifting the cutoff Λ in the canonical ensemble method.

– 23 –

The coefficient remains negative near the Hagedorn temperature either. The result agrees with (5.18) for p = 7 if we set Λ = (2π)^{−1}. However, we obtain different results for p = 5, 3, 1.

References

[1] K. Ohmori, A review on tachyon condensation in open string field theories, hep-th/0102085.

[2] A. Sen, Tachyon condensation on the brane antibrane system, J. High Energy Phys. 08 (1998) 012 [hep-th/9805170]; Descent relations among bosonic D-branes, Int. J. Mod. Phys. A 14 (1999) 4061 [hep-th/9902105]; Non-BPS states and branes in string theory,

hep-th/9904207; Universality of the tachyon potential, J. High Energy Phys. 12 (1999) 027

[hep-th/9911116].

[3] A. Sen and B. Zwiebach, Tachyon condensation in string field theory, J. High Energy Phys.

03 (2000) 002 [hep-th/9912249];

V.A. Kostelecky and S. Samuel, On a nonperturbative vacuum for the open bosonic string, Nucl. Phys. B 336 (1990) 263;

N. Moeller and W. Taylor, Level truncation and the tachyon in open bosonic string field theory, Nucl. Phys. B 583 (2000) 105 [hep-th/0002237];

W. Taylor, A perturbative analysis of tachyon condensation, hep-th/0208149.

[4] E. Witten, On background independent open string field theory, Phys. Rev. D 46 (1992) 5467 [hep-th/9208027]; Some computations in background independent open string field theory, Phys. Rev. D 47 (1993) 3405 [hep-th/9210065].

[5] S.L. Shatashvili, Comment on the background independent open string theory, Phys. Lett. B 311 (1993) 83 [hep-th/9303143]; On the problems with background independence in string theory, hep-th/9311177.

[6] J.A. Minahan and B. Zwiebach, Effective tachyon dynamics in superstring theory, J. High Energy Phys. 03 (2001) 038 [hep-th/0009246].

[7] D. Kutasov, M. Marino and G.W. Moore, Remarks on tachyon condensation in superstring field theory, hep-th/0010108.

[8] U.H. Danielsson, A. Güijosa and M. Kruczenski, Brane-antibrane systems at finite temperature and the entropy of black branes, J. High Energy Phys. 09 (2001) 011 [hep-th/0106201].

[9] L. Dolan and R. Jackiw, Symmetry behavior at finite temperature, Phys. Rev. D 9 (1974) 3320.

[10] W.-H. Huang, Boundary string field theory approach to high temperature tachyon potential,

hep-th/0106002.

[11] W.-H. Huang, Brane-antibrane interaction under tachyon condensation, hep-th/0211127.

[12] R. Hagedorn, Statistical thermodynamics of strong interactions at high-energies, Nuovo Cim.

Suppl. 3 (1965) 147.

[13] M.J. Bowick and L.C.R. Wijewardhana, Superstrings at high temperature, Phys. Rev. Lett.

54 (1985) 2485;

S.H.H. Tye, The limiting temperature universe and superstring, Phys. Lett. B 158 (1985) 388.

– 24 –

[14] B. Sathiapalan, Vortices on the string world sheet and constraints on toral compactification, Phys. Rev. D 35 (1987) 3277.

[15] I. Kogan, Vortices on the world sheet of a string critical dynamics, Sov. Phys. JETP Lett. 45 (1987) 709.

[16] J.J. Atick and E. Witten, The Hagedorn transition and the number of degrees of freedom of string theory, Nucl. Phys. B 310 (1988) 291.

[17] R. Rashkov, K.S. Viswanathan and Y. Yang, Background independent open string field theory with constant B field on the annulus, hep-th/0101207;

T. Suyama, Tachyon condensation and spectrum of strings on D-branes, Prog. Theor. Phys. 106 (2001) 1017 [hep-th/0102192];

K.S. Viswanathan and Y. Yang, Tachyon condensation and background independent superstring field theory, Phys. Rev. D 64 (2001) 106007 [hep-th/0104099]; M. Alishahiha, One-loop correction of the tachyon action in boundary superstring field theory, Phys. Lett. B 510 (2001) 285 [hep-th/0104164];

K. Bardakci and A. Konechny, Tachyon condensation in boundary string field theory at one loop, hep-th/0105098;

B. Craps, P. Kraus and F. Larsen, Loop corrected tachyon condensation, J. High Energy Phys. 06 (2001) 062 [hep-th/0105227];

G. Arutyunov, A. Pankiewicz and B. Stefanski Jr., Boundary superstring field theory annulus partition function in the presence of tachyons, J. High Energy Phys. 06 (2001) 049 [hep-th/0105238];

T. Lee, K.S. Viswanathan and Y. Yang, Boundary string field theory at one-loop,

hep-th/0109032.

[18] O. Andreev and T. Ott, On one-loop approximation to tachyon potentials, Nucl. Phys. B 627 (2002) 330 [hep-th/0109187].

[19] J. Polchinski, Evaluation of the one loop string path integral, Commun. Math. Phys. 104 (1986) 37;

E. Alvarez, Strings at finite temperature, Nucl. Phys. B 269 (1986) 596; E. Alvarez and M.A.R. Osorio, Superstrings at finite temperature, Phys. Rev. D 36 (1987) 1175.

[20] D. Mitchell and N. Turok, Statistical properties of cosmic strings, Nucl. Phys. B 294 (1987) 1138;

M.J. Bowick and L.C.R. Wijewardhana, Superstrings at high temperature, Phys. Rev. Lett. 54 (1985) 2485.

[21] K.H. O’Brien and C.I. Tan, Modular invariance of thermopartition function and global phase structure of heterotic string, Phys. Rev. D 36 (1987) 1184.

[22] N. Deo, S. Jain and C.-I. Tan, Strings at high-energy densities and complex temperature, Phys. Lett. B 220 (1989) 125; String statistical mechanics above Hagedorn energy density, Phys. Rev. D 40 (1989) 2626;

N. Deo, S. Jain, O. Narayan and C.-I. Tan, The effect of topology on the thermodynamic limit for a string gas, Phys. Rev. D 45 (1992) 3641.

[23] S.A. Abel, J.L.F. Barbon, I.I. Kogan and E. Rabinovici, String thermodynamics in D-brane backgrounds, J. High Energy Phys. 04 (1999) 015 [hep-th/9902058].

– 25 –

[24] M.A. Vazquez-Mozo, Open string thermodynamics and D-branes, Phys. Lett. B 388 (1996) 494 [hep-th/9607052].

[25] L.J. Dixon and J.A. Harvey, String theories in ten-dimensions without space-time supersymmetry, Nucl. Phys. B 274 (1986) 93;

N. Seiberg and E. Witten, Spin structures in string theory, Nucl. Phys. B 276 (1986) 272.

[26] O. Bergman and M.R. Gaberdiel, Dualities of type 0 strings, J. High Energy Phys. 07 (1999) 022 [hep-th/9906055].

[27] E. Bergshoeff, E. Eyras, R. Halbersma, C.M. Hull, Y. Lozano and J.P. van der Schaar, Spacetime-filling branes and strings with sixteen supercharges, Nucl. Phys. B 564 (2000) 29 [hep-th/9812224].

[28] P.K. Townsend, D-branes from M-branes, Phys. Lett. B 373 (1996) 68 [hep-th/9512062];

T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043];

N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115];

N. Ishibashi, p-branes from (p-2)-branes in the bosonic string theory, Nucl. Phys. B 539 (1999) 107 [hep-th/9804163].

[29] E. Witten, D-branes and K-theory, J. High Energy Phys. 12 (1998) 019 [hep-th/9810188].

[30] P. Hořava, Type IIA D-branes, K-theory and matrix theory, Adv. Theor. Math. Phys. 2 (1999) 1373 [hep-th/9812135].

[31] G.R. Dvali and S.H.H. Tye, Brane inflation, Phys. Lett. B 450 (1999) 72 [hep-ph/9812483];

S.H.S. Alexander, Inflation from DD̄-brane annihilation, Phys. Rev. D 65 (2002) 023507 [hep-th/0105032];

G.R. Dvali, Q. Shafi and S. Solganik, D-brane inflation, hep-th/0105203; C.P. Burgess, M. Majumdar, D. Nolte, F. Quevedo, G. Rajesh and R. J. Zhang, The inflationary brane-antibrane universe, J. High Energy Phys. 07 (2001) 047 [hep-th/0105204]; A. Mazumdar, S. Panda and A. Perez-Lorenzana, Assisted inflation via tachyon condensation, Nucl. Phys. B 614 (2001) 101 [hep-ph/0107058]; C.P. Burgess, P. Martineau, F. Quevedo, G. Rajesh and R.J. Zhang, Brane antibrane inflation in orbifold and orientifold models, J. High Energy Phys. 03 (2002) 052 [hep-th/0111025].

[32] G.W. Gibbons, Cosmological evolution of the rolling tachyon, Phys. Lett. B 537 (2002) 1 [hep-th/0204008];

S. Mukohyama, Brane cosmology driven by the rolling tachyon, Phys. Rev. D 66 (2002) 024009 [hep-th/0204084];

A. Feinstein, Power-law inflation from the rolling tachyon, Phys. Rev. D 66 (2002) 063511 [hep-th/0204140];

T. Padmanabhan, Accelerated expansion of the universe driven by tachyonic matter, Phys. Rev. D 66 (2002) 021301 [hep-th/0204150];

A.V. Frolov, L. Kofman and A.A. Starobinsky, Prospects and problems of tachyon matter cosmology, Phys. Lett. B 545 (2002) 8 [hep-th/0204187];

X.-Z. Li, J.-G. Hao and D.-j. Liu, Can quintessence be the rolling tachyon?, Chin. Phys. Lett. 19 (2002) 1584 [hep-th/0204252];

G. Shiu and I. Wasserman, Cosmological constraints on tachyon matter, Phys. Lett. B 541 (2002) 6 [hep-th/0205003];

– 26 –

M. Sami, Implementing power law inflation with tachyon rolling on the brane,

hep-th/0205146;

M. Sami, P. Chingangbam and T. Qureshi, Aspects of tachyonic inflation with exponential potential, Phys. Rev. D 66 (2002) 043530 [hep-th/0205179]; T. Mehen and B. Wecht, Gauge fields and scalars in rolling tachyon backgrounds,

hep-th/0206212;

G. Shiu, S.H.H. Tye and I. Wasserman, Rolling tachyon in brane world cosmology from superstring field theory, hep-th/0207119;

Y.-S. Piao, R.-G. Cai, X.-m. Zhang and Y.-Z. Zhang, Assisted tachyonic inflation, Phys. Rev. D 66 (2002) 121301 [hep-ph/0207143];

X.-Z. Li, D.-j. Liu and J.-G. Hao, On the tachyon inflation, hep-th/0207146; J.M. Cline, H. Firouzjahi and P. Martineau, Reheating from tachyon condensation, J. High Energy Phys. 11 (2002) 041 [hep-th/0207156];

A. Buchel, P. Langfelder and J. Walcher, Does the tachyon matter?, Ann. Phys. (NY) 302 (2002) 78 [hep-th/0207235];

B. Wang, E. Abdalla and R.-K. Su, Dynamics and holographic discreteness of tachyonic inflation, hep-th/0208023;

S. Mukohyama, Inhomogeneous tachyon decay, light-cone structure and D-brane network problem in tachyon cosmology, Phys. Rev. D 66 (2002) 123512 [hep-th/0208094]; M.C. Bento, O. Bertolami and A.A. Sen, Tachyonic inflation in the braneworld scenario,

hep-th/0208124.

[33] K. Hotta, The information loss problem of black hole and the first order phase transition in string theory, Prog. Theor. Phys. 99 (1998) 427 [hep-th/9705100].

– 27 –